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_
Zyczkowski, Horodecki, Sanpera, and Lewenstein have recently applied a \natural measure" on
the space of N  N density matrices () to estimate the volume of the set of separable states.
However, one of the two factors in the product measure they adopt is the uniform distribution
over the (N   1)-dimensional simplex spanned by the N eigenvalues of . We contend that its
use is not nearly as well-indicated or compelling as that of the other factor, that is, Haar measure
on U(N). By replacing this distribution by other members of the family of (symmetric) Dirichlet
distributions, we demonstrate that one can obtain either larger or smaller volume estimates than
the specic ones found by
_
Zyczkowski et al. In particular, use of the reparameterization-invariant
Jereys' prior of Bayesian theory | which itself constitutes a uniform distribution (with respect to
the Fisher information metric), but now on the positive-orthant portion of an (N   1)-dimensional
sphere | leads to a markedly decreased volume upper bound (roughly
59
343
 :172 of that predicted
by
_
Zyczkowski et al) for the case N = 9, we choose to numerically study.
PACS Numbers 03.67.-a, 02.50.-r, 89.70.+c
In a recent paper [1],
_
Zyczkowski, Horodecki, Sanpera and Lewenstein [1] obtained a variety of both analytical and
numerical bounds on the volume of the set of separable states, using what they asserted was a \natural measure" on
the space of density matrices. In [2], we have discussed the relation of this claim to other work, in particular to that
of Petz and Sudar [3] regarding monotone metrics on the space of density matrices. In this letter, we would like to
particularly focus on what we believe is an essential degree of arbitrariness in the choice by
_
Zyczkowski et al of the
measure employed, and its consequence for the results that they have reported.
_
Zyczkowski et al [1] used a measure on the space of N  N density matrices, which is the product of the Haar
measure for the unitary group U(N) and the uniform distribution on the (N   1)-dimensional simplex spanned by
the N eigenvalues of the density matrix. Now, we see no basis for questioning the use of the Haar measure. However,
the selection of the uniform distribution on the simplex appears not to be so compelling, as it lacks as convincing a
rationale as the group-theoretic argument for the Haar measure.
The uniform distribution on the (N   1)-dimensional simplex (p
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 0) can be considered to be
that specic member of the (continuous) family of Dirichlet probability distributions on this simplex [4,5, sec. 7.7],
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which has all its N parameters ('s) set equal to unity. The family of Dirchlet distributions is conjugate, in that if
one selects a prior distribution belonging to it, then, through the application of Bayes' rule to observations drawn
from a multinomial distribution, one arrives at a posterior distribution which is also within the family. Of strongest
interest, however, for our purposes here, is that the principle of reparameterization invariance (based on the Fisher
information [6,7]) leads to the special case (the Jereys' prior) of (1) having all its N parameters set equal to one-
half [8,9, eq. (3.7)] and not unity, as for the uniform distribution on the (N   1)-dimensional simplex. \The main
intuitive motivation for Jereys' priors is not their invariance, which is certainly a necessary, but in general far from
sucient condition to determine a sensible reference prior; what makes Jereys' priors unique is that they are uniform
measures in a particular metric which may be defended as the `natural' choice for statistical inference" [10]. By way of





, demonstrates how the Jereys' prior for the trinomial
model (N = 3) on the two-dimensional simplex, can be (making use of spherical polar coordinates) transformed to









= 4 of radius
2. (Braunstein and Milburn [11] show that for two-level quantum systems, statistical distinguishability is just the
[Bures] metric on the surface of the unit sphere in four dimensions.)
Clarke and Barron [12,13] (cf. [14]) have established that Jereys' priors (which are dened to be normalized volume
elements of Fisher information metrics) asymptotically maximize Shannon's mutual information between a sample of
size n and the parameter, and that the Jereys' prior is the unique continuous prior that achieves the asymptotic
minimax risk when the loss function is the Kullback-Leibler distance between the true density and the predictive
1
density. (The possibility of extending the results of Clarke and Barron to the quantum domain, has been investigated
in [15] (cf. [16]).) Clarke [17] asserts that \the Jereys' prior can justied by four distinct arguments".
Now, it is of interest to note that in the limit in which the N parameters ('s) of the Dirichlet distribution (1) all
go to zero, the distribution becomes totally concentrated on the pure states of the N -dimensional quantum system.
So, since \in the subspace of all pure states, the measure of separable states is equal to zero" [1, p. 886], we would
expect the associated volume of the set of separable states to approach zero in this limit. By a continuity argument,
we would, then, also anticipate that the associated volume of the set of separable states would increase if all N
parameters of (1) were now xed at one-half (Jereys' prior), but still be less than if they were all taken to be equal
to unity, etc. (\The purer a quantum state is, the smaller its probability of being separable" [1, p. 891].)
We have, in fact, tested these contentions through numerical means, generating a set of two thousand random 99
unitary matrices (N = 9), following the (Hurwitz/Euler angle) prescription given in [18, eqs. (3.1)-(3.5)]. From it, we
produced (in the manner of
_
Zyczkowski et al [1, eq. (34)]) three sets of two thousand 9 9 density matrices: one set
based on the selection 
1





; another for 
1
= : : : = 
9
= 1 (as in [1]); and a third for 
1






(Random realizations of the Dirichlet distributions used were generated based on the fact that they can be considered
to be joint distributions of [univariate] gamma distributions [4,5]. The two thousand instances we obtain are obviously
far fewer in number than the millions used by
_
Zyczkowski et al [1]. This is primarily due to our complete reliance
on MATHEMATICA, while they employed FORTRAN routines for speedier random number generation.) Then, we
determined whether all the eigenvalues (
0
i
; i = 1; : : : ; N) of the partial transpositions of the random density matrices
(viewing them as (3  3)  (3  3) density matrices, in the manner of (21) in [19]) were positive (as they must be
in the separable case) or not. For the  =
1
2
scenario, fty-nine had this positivity property, while three hundred






 :1715 is quite
comparable to .17339, given by the best t, 1:8e
 0:26N
, found in [1].











for  = 1 and .0380964 for  =
3
2
. For large systems,
_
Zyczkowski et al [1] found that this statistic seemed to saturate
at approximately .1, which is therefore not inconsistent with our [smaller] result, .0851515, for the (3 3) case  = 1.
(For 2  2 systems, they found .057, and for 2  3 systems, .076.) These various numerical results are, thus, quite
supportive of our arguments and help to fulll the objective of this letter of showing the dependence of estimates
of the volume of the set of separable states on the particular choice of (symmetric) Dirichlet distribution on the
(N   1)-dimensional simplex spanned by the N eigenvalues of the N N density matrix ().
In [2, sec. II.C], we presented evidence that certain statistical features of the product measure employed by
_
Zyczkowski et al were not reproducible through the use of any of the possible (continuum of) monotone metrics. A
similar conclusion appears to hold if one replaces the uniform distribution in the product measure (as we have done
above) by any other member of the family of Dirichlet distributions. Since Petz and Sudar [3] have argued that
monotone metrics are the quantum analogues of the Fisher information metric, it would seem highly desirable to
replace the product measures by ones based simply on the volume elements of such metrics. We intend to investigate
the possibility of doing so, and have obtained in [20] certain preliminary results that might be pertinent in this regard.
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